We study the possibility to reconstruct the position of ultra-high energy cosmic ray sources and some properties of the magnetic field along the line of sight towards them in the case that several events from the same source are detected. By considering a realistic model for the galactic magnetic field, including both a regular and a turbulent component, we estimate the accuracy that can be achieved in the reconstruction. We analyse the effect of the experimental energy and angular resolution on these results.
Introduction
The recent discovery by the Pierre Auger Collaboration [1] that the arrival directions of the ultra-high energy cosmic rays are correlated with the nearby extragalactic matter distribution marks a first step in the cosmic ray astronomy era. It is to be expected that with increased statistics future data will contain evidence of multiplets, i.e. cosmic rays of different energies coming from the same point-like source. From the arrival direction and energy of these events one can extract not only the position of the source but also valuable information about the magnetic field along the line of sight towards it. In this work we analyse how to reconstruct this information considering the effect that energy and angular experimental resolutions have on the results and estimate the accuracy that can be achieved.
Despite the considerable observational efforts done, the magnetic field of the Galaxy and the extragalactic ones are still poorly known. This, together with the fact that the cosmic ray composition at ultra-high energies is also poorly known, makes it difficult to identify the cosmic ray sources, as it is not possible to predict the deflection of the cosmic ray trajectories in their way from the sources to the Earth. The observation of several events from the same source would open the possibility to actually measure the integral of the component of the magnetic field orthogonal to the cosmic ray trajectory, providing a new constraint to galactic magnetic field models, besides the possibility to locate more accurately the source position. Magnetic fields not only deflect the trajectories of charged particles but they can also amplify or demagnify the flux arriving from the source, modifying its spectrum. A detailed analysis of magnetic lensing effects can be found in refs. [2, 3, 4, 5] .
In this paper we will use simulations of sets of events arriving to the Earth from randomly located sources in the sky after travelling through the galactic magnetic field, which we model using a regular and a turbulent component that aim to reproduce the general characteristics of the observational results. For each hypothetical source direction in the sky we consider several cosmic ray particles with different energies for which we compute the arrival directions to the Earth. The energies of the simulated events are generated using a power law at the source, which is then modified according to the lensing effects expected in each sky direction [2] . For each simulated set of events from a source we then reconstruct the original direction of the source and the integral of the orthogonal component of the magnetic field, comparing the results with the actual values to estimate the uncertainty of the method and the effect of the experimental error in the determination of the energy and the arrival direction.
The paper is structured as follows: in section II we describe the galactic magnetic field model adopted and review some magnetic lensing facts. Then, in section III, we explain the method used for the analysis and reconstruction and in section IV we present and discuss the accuracy that can be achieved in the reconstruction of the magnetic field integral and of the source position for realistic situations. Finally, section V is a summary of the results and contains our conclusions.
Galactic Magnetic Field and Magnetic Lensing
The present knowledge of the galactic magnetic field is far from complete. There are several observational methods for determining it: Zeeman splitting, polarized thermal emission from dust in clouds, polarization of starlight, synchrotron radio emission and Faraday rotation of polarized sources [6, 7] . However, no magnetic field model is firmly experimentally favored [8] and the observation of ultra-high energy cosmic ray multiplets could provide a new handle to face this problem.
The galactic magnetic field has a large scale regular component and a turbulent component present on galactic scales. The regular component is believed to follow the spiral arms and has a local value of B reg ≃ 2 µG from Faraday rotation measures [9] . This local value could be underestimated if the fluctuations in magnetic field and electron density were anticorrelated [10] . Moreover, from synchrotron measurements the local value of the regular field is B reg ≃ 4 µG [7] but it could be overestimated due to the anisotropy of the turbulent magnetic field [10] . According to some models the regular magnetic field has reversals in direction between neighboring arms. The random component has a root mean square amplitude of B rms ≃ (1 − 2)B reg and a typical coherence length L c ≃100 pc [11, 12] . The regular component, being coherent on scales much larger than L c , produces the dominant effect on the deflection of high energy charged particles travelling through the Galaxy. In addition, the presence of extragalactic magnetic fields could also be relevant for the propagation of cosmic rays. However, their strength is very uncertain (and likely subdominant as regards the deflecting power) and we will not consider their effects here.
The deflections caused by the magnetic field can lead to lensing phenomena, such as the energy dependent magnification and demagnification of the flux that modifies the energy spectrum of the source, or to the appearance of secondary images [2, 3, 4] . The magnitude of the flux amplification depends on the arrival direction, on the ratio between the energy and charge E/Z of the cosmic ray and on the magnetic field model. The formation of multiple images and the flux magnification can be understood pictorially plotting for a regular grid of arrival directions at Earth the corresponding directions from which the particles arrived to the galactic halo. This is shown in Figure 1 for the model of the regular magnetic field configuration that is used in the following analysis and for particles with E/Z = 30 EeV (top panel) and 20 EeV (bottom panel), where 1 EeV ≡ 10 18 eV. One may picture this distorted image of the sky seen from the Earth as a sheet (the 'sky sheet') that can be stretched and folded. A source located in a fold of this sky sheet will have multiple images, i.e. cosmic rays of the same energy can arrive to the Earth from several different directions. Moreover, the flux coming from a source in a region where the sheet is stretched will appear demagnified while that from a source in a compressed region will appear magnified. As the sky sheet changes with the energy, the spectrum observed from a given source is different from the emitted one [2] .
Magnetic lensing phenomena also appear for turbulent fields [4] . In this case, multiple images appear below a critical energy E c such that typical transverse displacements among different paths after travelling a distance L in the turbulent field become of the order of the correlation length of the random magnetic field (δ rms ∼ L c /L). This critical energy is typically higher than the corresponding one for the regular magnetic field, but the folds produced by the random field near the critical energy are on a much smaller angular scale. For decreasing energies, the fraction of the sky covered with folds increases, however the magnification peaks become increasingly narrower and for E < E c /3 their integrated effect becomes less noticeable.
Reconstruction of the source position and the magnetic field
Charged particles of different energies coming from the same source suffer different deflections in their way through the Galaxy and are thus observed with different arrival directions. If deflections are small, the arrival direction θ of a particle with energy E is related to the source direction β by
where F is the integral along the line of sight of the perpendicular component of the magnetic field B times the charge Ze of the particle
To analyse the correlation between arrival direction and energy, we first fit in the tangent plane to the celestial sphere in the direction of the events (using coordinates α 1 and α 2 ) a straight line, α 1 = a 1 + a 2 α 2 , to the event coordinates in order to determine the direction of the deflection. This direction should coincide with the direction of F.
Then, we rotate to new coordinates (θ 1 , θ 2 ) along and orthogonal to the deflection direction. If the deflections are small we can approximate F( θ) as a constant value, lets say the value in the source direction F( β), and fitting a linear relation between θ 1 and 1/E,
we can obtain the component θ 1 of the position of the source, β 1 , and the component in the direction of the coordinate θ 1 of the integral F evaluated at the position of the source, F θ 1 ( β). The position of the source in these coordinates will be β = (β 1 , 0) as the deflection is essentially along the coordinate θ 1 .
The fact that particles of different energies follow different paths along the galactic magnetic field has as a consequence that F( θ) is not actually constant, so departures from the linear relation are expected, specially for the lower energy events, which follow more bent paths. In these cases
We will test here the accuracy that can be achieved in the reconstruction of the relevant parameters using this method. We work with simulations of protons coming from extragalactic point-like sources and propagating through a realistic model of the galactic magnetic field. These simulations are done backtracking antiprotons leaving the Earth up to a distance where the effect of the galactic magnetic field becomes negligible [2] . The initial direction of the backtracked antiproton (that will be associated to the arrival direction of protons of the same energy) is recursively adjusted till the final direction points to the source with accuracy better than 10 −4 degrees when only the regular component of the galactic magnetic field is considered and better than 0.3
• when both the regular and turbulent components are considered.
The regular component of the galactic magnetic field is modeled with a bisymmetric field with even symmetry (BSS-S) with structure and strength very similar to those used in [13] but smoothed out as described in [2] . In this model the galactic magnetic field reverses its sign between the arms of the Galaxy and the field is symmetric with respect to the Galaxy's midplane. The local value of the field is 2 µG. For the dependence on z a contribution coming from the galactic disk and another one from the halo are considered:
with z 1 = 0.3 kpc and z 2 = 4 kpc. To model the turbulent component of the magnetic field we use a Gaussian random field with zero mean and root mean square value B rms equal to 2 µG. The coherence length L c adopted is 100 pc. For the dependence on z we consider only a contribution coming from the disk with a scale height z= 0.3 kpc.
We will consider a large number of source directions in order to characterize the deflections expected in different regions of the sky. For each source direction we simulate 10 events with energies randomly chosen between 30 and 300 EeV following an E −2 spectrum at the source and taking into account the magnification of each source flux as a function of the energy for that direction. We propagate them through the magnetic field, keeping track of the arrival direction to the Earth. In order to study the effect of the energy and angular resolution a random deflection of up to 1
• is added to the position and a random shift in energy of up to 10% is introduced. The reconstruction accuracy slightly depends on the particular realization of the experimental uncertainty, we thus present the results for the mean of 100 different realizations. When the random component of the galactic magnetic field is introduced the results also slightly depend on the particular realization of the field, we then present the results of 10 different realizations of the random field 1 .
In each case we perform a linear and a quadratic fit to the relation θ 1 vs. 1/E for the events and obtain the values of F θ 1 ( β) and the position of the source (β 1 , β 2 ). The actual value of F( β) is calculated with a numerical integration along a straight path. By comparing the reconstructed values of F θ 1 ( β) and β with the actual ones we can estimate the accuracy of the reconstruction. We also analyse the angle between F( β) and the direction of the deflection obtained from the fit to the data, ǫ, which measures the accuracy in the reconstruction of the direction of F( β).
In Figure 2 we show the source position and the cosmic ray arrival directions for 100 randomly selected directions in the sky and in Figure 3 we present the distribution of F θ 1 ( β) for these positions. As one can see from these figures, the magnitude of the deflection depends on the region of the sky where the source is located and has a mean value F θ 1 = 2 o 100 EeV. Regarding the magnification, at 30 EeV we find that 19 sources have an amplification smaller than 0.5 and 5 sources have an amplification larger than 1.5. Moreover, 7 sources have a magnification peak with magnification larger than 3 at some energy above the 30 EeV threshold. In these peaks, the amplification of the source remains larger than 1.5 for a range of energies of about 10 to 20 EeV. To illustrate the reconstruction method and its accuracy we first present in detail the results for three particular source directions which are representative of different types of deflections. The reconstruction accuracy for the different quantities are summarized in Table 1 . The values presented are median values, i.e. 50% of the realizations of the experimental uncertainties and of the turbulent field have equal or better accuracy. For each case we first present the results without taking into account any experimental uncertainty. Thus, these results represent the uncertainties inherent to the method, that are due to the departures of the actual deflections from the linear or quadratic relations as a function of 1/E. We then introduce the experimental uncertainty in the angle and the energy so that it is possible to see its effect on the reconstruction accuracy.
In the first example the source is located in galactic coordinates (b, l) = (−60
• , 220 • ), corresponding to a region of the sky with a large deflection (F θ 1 = 3.3
• 100 EeV). We see from Table  6 ∆F θ 1 1 that the value of F θ 1 is well reconstructed with the linear fit with median relative errors smaller than 10%. The quadratic fit gives even more accurate results both for the source position and for F θ 1 when no measurement uncertainties are introduced. When the experimental uncertainties (of the magnitude discussed above) are introduced, the mean reconstructed value of F θ 1 ,
• 100 EeV, agrees within the error with the true value, F θ 1 = 3.3
• 100 EeV, in the linear fit case. The quadratic fit leads to a significantly larger uncertainty in the determination of F θ 1 , F θ 1 = (3.8 ± 2)
• 100 EeV, that also encompasses the true value of F θ 1 . On the other hand, the mean fitted value for the quadratic term, F θ 1 ( β)
compatible with zero. We see that performing a quadratic fit does not lead to an improvement of the reconstruction in this case for the values of the experimental uncertainties considered, as the addition of an extra parameter just lead to a larger uncertainty in the determination of F θ 1 . The position of the source and the direction of F are also well reconstructed in all cases. The quadratic fit also leads to an increased uncertainty in β 1 with respect to the linear fit. In addition, the turbulent component does not have much effect in any result because the regular component gives the dominant contribution to the deflections. In Figure 4 , the deflection as a function of 1/E is portrayed for the four situations studied in this example.
For the second example, we consider a source located at (b, l) = (20 • , 55 • ), corresponding to a region with a small deflection (F θ 1 = 0.7
• 100 EeV). The error in the value of F θ 1 is comparable to that of the previous example (though the relative error is considerably larger, as F θ 1 is smaller) and the position of the source is well reconstructed, as it is shown in Table I . Both the mean reconstructed values of F θ 1 ( F θ 1 = (0.9 ± 0.4)
• 100 EeV) and the source coordinate β 1 coincide within the error of the fit with the true values. The direction of F has a poorer reconstruction than in the previous example. This happens because as the deflection in this region of the sky is small, there is a smaller lever arm between the highest and the smallest energy events to fix the deflection direction and the uncertainties introduced in the angle are relatively more significant. Although the quadratic fit gives a better reconstruction of F θ 1 when measurement uncertainties are neglected, it is less accurate when adding errors as in the previous example. The turbulent component does not introduce substantial changes either in this case.
For the third example we consider a source at (b, l) = (−40
, that corresponds to a region with deflections close to the mean (F θ 1 = 1.8
• 100 EeV) but near to a fold of the sky, as opposed to the other examples that were located in regions where the sky sheet does not suffer much deformation when lowering the energy of the incoming particles. For the linear fit, the mean reconstructed value of F θ 1 , F θ 1 = (1.4 ± 0.4)
• 100 EeV, coincides within the error with the true value. The median difference between the value of F θ 1 found and the real one is 23% and in the direction of F is 16.1
• . The reconstruction without introducing the experimental errors is less accurate than in the first case because close to the folds the departures from the linear (and quadratic) approximation for the deflection as a function of 1/E are larger. The position of the source is reconstructed with a median accuracy of 0.6
• ; and the quadratic fit behavior is similar to that in the previous examples.
If a random field with B rms = 4 µG instead of B rms = 2 µG is considered, multiple images due to the turbulent component can appear above 30 EeV in the second example (in about half of the different realizations). However, the accuracy of the reconstruction is not much affected by the turbulent component also for this larger amplitude of the random field.
Results
In order to study the uncertainties in the reconstruction of F and in the position of the source we randomly select the location of 100 sources and perform the analysis described in the previous section to each one of them. We present the results for only the regular magnetic field component as the effects of the turbulent field on the accuracy of the reconstruction are small as exemplified in the previous section. The position of the sources are plotted in Figure 2 together with 10 cosmic rays arrival directions associated to each one, corresponding to the different cosmic ray energies considered. The results for the accuracy of the reconstruction are presented in Table II where the median of the difference between the reconstructed and the true value of F θ 1 , ∆F θ 1 , of the angle defining the direction of F, ǫ, and of the position of the source, (∆β 1 , ∆β 2 ), are quoted. The histograms for the full distribution for the 100 source positions and 100 realizations of the measurement uncertainties are plotted in Figures 5, 6 and 7. Applying a linear fit the reconstruction of F θ 1 is achieved with median difference between the reconstructed and the true value equal to 0.25
• 100 EeV and 0.32
• 100 EeV without and with measurement uncertainties respectively (i.e. 50% of the realizations have errors smaller than these values). On the other hand, in 57% of the cases the true value of F θ 1 lies within the error bar of the reconstructed value for the linear fit (in 90% of the cases it lies within 2.8 times the error bar). The corresponding median errors in the direction of F in these two cases are 3.9
• and 
5.8
• respectively.
When comparing ∆F θ 1 obtained with the linear fit and the one with the quadratic fit, the latter is more accurate when no measurement uncertainties are introduced. However, when experimental errors of the magnitude considered are taken into account, the quadratic fit has larger uncertainties. This behavior is shown clearly in Figure 5 and in Table II where the median difference between the reconstructed values and the true values of F θ 1 for the quadratic fit grows from 0.05
• 100 EeV to 0.65
• 100 EeV when adding the measurement errors. Improving the experimental resolution, the accuracy of the quadratic fit improves, as it is shown in Figure 8 . 11
However, only an experiment with very good energy and angular resolution (for example 0.3
• in angle and 5% in energy) would have a better accuracy by using the quadratic fit instead of the linear one for a statistics of events comparable to the one considered here. The results for the reconstruction of the source direction are shown in Figure 7 . Using the linear fit the position of the source is obtained with a median error of 0.2
• without introducing the experimental uncertainties and of 0.5
• when they are included. Once again, the median error applying a quadratic fit is lower, being | ∆ β |= 0.09
• when no uncertainties are included, but when considering an experiment with an angular resolution of 1
• and an energy uncertainty of 10%, rises to | ∆ β |= 0.6
• . In 85% of the cases the true source position is within the error bar of the reconstructed direction in the linear fit case.
The fact that the quadratic fit reconstruction accuracy becomes worse than the linear fit one when the measurement errors are considered can be understood as follows. The mean value of the quadratic term contribution to the deflection in Eq. (5) for the 100 source directions is
• (100 EeV) 2 . Thus the expected mean departure from the approximately linear deflection is smaller than the angular resolution considered (1 • ) up to energies around 35 EeV. Therefore, in most of the cases the quadratic deflection term is smaller than the angular accuracy and the addition of an extra parameter to the fit leads to a worse determination of the linear term. Only for energy thresholds significantly below 35 EeV would the quadratic fit give more accurate results for the magnetic field model considered.
Regarding magnetic lensing effects, from the 100 randomly selected sources, 20 of the positions are crossed by a fold at energies above 30 EeV and this fact affects the reconstruction of F as it is illustrated in the third example discussed in the previous section. Out of the 20, in 16 cases the fold crosses the position of the source at energies between 30 and 40 EeV. If one includes a turbulent component of the galactic magnetic field, the results are similar except for some of the sources near the galactic plane for which the cosmic ray trajectories traverse a larger region with turbulent magnetic field, leading to multiple images at energies above the 30 EeV threshold considered. This happens for 13 of the source locations considered. To illustrate this point we plot in Figure 9 the deflection as a function of 1/E for two source positions in the cases in which only the regular component of the magnetic field is considered and considering both the regular and the turbulent components. The left panel corresponds to a source located at (b, l)=(−50
• , 223.6
• ) while the right panel corresponds to a source near the galactic plane at (b, l)=(1.1
• , 117.1 • ). In the first case, exemplifying sources far from the galactic plane, the turbulent component only produces small departures of the arrival direction of cosmic rays from that resulting from the regular component alone. The source near the galactic plane (right panel) shows a similar behaviour for energies larger than 75 EeV, but below this energy multiple images appear close to the principal one. The deflections in the energy range considered are however small and the resulting angular spread in the event directions is not much larger than the angular resolution considered. If one compares the accuracy of the linear fit reconstruction for the case of 10 events simulated in the magnetic field with regular and turbulent components and for the case considering only the regular component, but including the experimental uncertainties, the results are similar with the exception of the accuracy in the reconstruction of the direction of F, for which the median of ǫ grows from 5.8
• to 12.3
• . This is due to the fact that the turbulent field has no preferential direction and hence adds to the integral along the path of the charged particle for both F θ 1 and F θ 2 . However, out of the 13 source positions for which multiple images above 30 EeV were obtained, the one just considered is the source with the lowest value of | F | and therefore corresponds to the worst case.
One may wonder if once a set of events from a source is identified it may be more convenient to use only a subset of the most energetic events for the reconstruction, as the linear relation is more accurate at high energies. In fact, when no measurement uncertainties are taken into account, the reconstruction of F and the position of the source improves when using only the most energetic events. For instance, if we consider the 5 most energetic events out of the 10 we simulated for each source, corresponding approximately to adopting an energy threshold of 50 EeV, the linear fit gives in 50% of the examples accuracies better than: ∆F θ 1 =0.16
• 100 EeV, ǫ=2.2
• and | ∆ β |=0.09
• . Therefore, the reconstruction accuracy is similar as when applying the quadratic fit considering all the events. However, when experimental uncertainties are considered, the median accuracies of the reconstruction applying a linear fit to the 5 most energetic events rise to: ∆F θ 1 =0.46
• 100 EeV, ǫ=10.5
• and | ∆ β |=0.7 • , and we see then that it is best to use all the events. Also one may wonder if it would be preferable to consider a lower threshold for the energy, for example 20 EeV instead of 30 EeV, allowing to gain more statistics. However, the linear fit reconstruction accuracy is not improved because the departures from the linear relation between the deflection and 1/E are more relevant. For instance, if we select 16 events above 20 EeV and take into account the experimental resolution, the accuracy obtained applying the linear fit is in 50% of the cases better than: ∆F θ 1 =0.41
• 100 EeV, ǫ=6.0 • and | ∆ β |=0.5
• . The accuracy of the reconstruction is comparable using the linear and quadratic fit for this energy threshold.
Another question is how the accuracy of the reconstruction depends on the number of events that are detected from a source. If instead of 10 events, as considered in the previous analysis, only 5 events above 30 EeV were detected, the reconstruction accuracy does not change appreciably when measurement uncertainties are not introduced, but it moderately worsens when uncertainties are taken into account, becoming: ∆F θ 1 =0.37
• 100 EeV, ǫ=7.1
• and | ∆ β |=0.6
• .
Finally, future satellite experiments such as JEM-EUSO will have larger aperture, gathering hence a larger number of events, but will also have worse angular and energy resolution than ground based experiments. To study this difference, we consider an experiment with an angular resolution of 2
• and an energy uncertainty of 20% and multiplets of 20 events above 50 EeV. The median accuracy of the reconstruction for the 100 source directions considered are in this case: ∆F θ 1 =0.45
• 100 EeV, ǫ=12.6
• and | ∆ β |=0.7
• . Therefore, for the resolution and number of events considered, the accuracy would be worse than for the case of multiplets of 10 events above 30 EeV with the resolution associated to ground based experiments.
Conclusions
We have studied the accuracy with which the position of the source and the integral of the orthogonal component of the magnetic field can be reconstructed in case that several events from the same source are detected. A linear and a quadratic fit to the relation between the events position and 1/E have been analysed. For the magnetic field model considered and the reference value of 10 detected events with energy above 30 EeV, the median errors of the reconstruction of F θ 1 applying a linear fit are 0.25
• 100 EeV when no experimental uncertainty is introduced and 0.32
• 100 EeV when a 1
• uncertainty in the position and a 10% uncertainty in the energy are considered. Furthermore, the direction of F is obtained with a median error of 3.9
• and 5.8
• without and with experimental resolution respectively, while the position of the source is obtained with a median error of 0.2
• and 0.5
• without and with experimental uncertainty and applying a linear fit.
We found that the quadratic fit gives more accurate results than the linear fit when no measurement errors are introduced. However, for the magnitude of the experimental uncertainties considered, the linear fit is more accurate than the quadratic one when the experimental errors are taken into account. Only an experiment with very good energy and angular resolution (for example 0.3
• in angle and 5% in energy) would have a better accuracy by using the quadratic fit instead of the linear one with 10 events from the same source. If more than 10 events above 30 EeV from a source were detected, the reconstruction accuracy is improved in a greater relative measure for the quadratic fit than for the linear one. For example, for 25 or more detected events, an angular resolution of 0.5
• and an energy resolution better than 10%, the quadratic fit results become more accurate than the linear ones. In general, we can say that the quadratic fit is preferable whenever the value of the quadratic term is incompatible with zero within the error bar of the fit.
The turbulent component of the galactic magnetic field does not have a significant effect in the reconstruction accuracy, except for some sources near the galactic plane that have multiple images at higher energies than when considering only the regular component. At these energies the secondary images appear near the principal one when comparing to the experimental uncertainties considered here and the effect on the reconstruction accuracy is not large.
These results show that once several events from the same source are detected, it will be possible to reconstruct the source position with a good accuracy. It will also be possible to measure the integral of the orthogonal component of the magnetic field in the direction of the source. This will nicely complement the rotation measure observations that provide the integral of the parallel component of the magnetic field, giving hence a new insight into this open astrophysical problem.
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